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Abstract In this paper, we prove that coupled and tripled
coincidence point theorems under ðF; gÞ-invariant sets for
weakly contractive mappings defined on a G-metric space
are immediate consequences of corresponding results via
rectangular G-a-admissible mappings. This idea can also
be applied to obtain coupled and tripled fixed point theo-
rems in other spaces under various contractive conditions
which reduces the proof considerably.
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Introduction and mathematical preliminaries
The concept of generalized metric space, or a G-metric
space, was introduced by Mustafa and Sims.
Definition 1.1 (G-Metric Space, [14]) Let X be a
nonempty set and G: X  X  X ! Rþ be a function sat-
isfying the following properties:
(G1) Gðx; y; zÞ ¼ 0 iff x ¼ y ¼ z;
(G2) 0\Gðx; x; yÞ, for all x; y 2 X with x 6¼ y;
(G3) Gðx; x; yÞGðx; y; zÞ, for all x; y; z 2 X with y 6¼ z;
(G4) Gðx; y; zÞ ¼ Gðx; z; yÞ ¼ Gðy; z; xÞ ¼ . . ., (symme-
try in all three variables);
(G5) Gðx; y; zÞGðx; a; aÞ þ Gða; y; zÞ, for all x; y; z; a 2
X (rectangle inequality).
Then, the function G is called a G-metric on X and the pair
ðX;GÞ is called a G-metric space.
Recently, Aghajani et al. [1] motivated by the concept of
b-metric [27] introduced the concept of generalized b-
metric spaces (Gb-metric spaces) and then they presented
some basic properties of Gb-metric spaces.
The following is their definition of Gb-metric spaces.
Definition 1.2 [1] Let X be a nonempty set and s 1 be a
given real number. Suppose that a mapping G: X  X 
X ! Rþ satisfies:
(G b1) Gðx; y; zÞ ¼ 0 if x ¼ y ¼ z;
(G b2) 0\Gðx; x; yÞ for all x; y 2 X with x 6¼ y;
(G b3) Gðx; x; yÞGðx; y; zÞ for all x; y; z 2 X with y 6¼ z;
(G b4) Gðx; y; zÞ ¼ Gðpfx; y; zgÞ; where p is a permuta-
tion of x; y; z (symmetry);
(G b5) Gðx; y; zÞ s½Gðx; a; aÞ þ Gða; y; zÞ for all
x; y; z; a 2 X (rectangle inequality).
Then, G is called a generalized b-metric and the pair
ðX;GÞ is called a generalized b-metric space or a Gb-metric
space.
Each G-metric space is a Gb-metric space with s ¼ 1.
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Example 1.3 [1] Let ðX;GÞ be a G-metric space and
Gðx; y; zÞ ¼ Gðx; y; zÞp; where p[ 1 is a real number.
Then, G is a Gb-metric with s ¼ 2p1:
Example 1.4 [13] Let X ¼ R and dðx; yÞ ¼ x yj j2: We
know that X; dð Þ is a b-metric space with s ¼ 2: Let
Gðx; y; zÞ ¼ dðx; yÞ þ dðy; zÞ þ dðz; xÞ; it is easy to see that
ðX;GÞ is not a Gb-metric space. Indeed, (Gb3Þ is not true
for x ¼ 0, y ¼ 2 and z ¼ 1: However, Gðx; y; zÞ ¼
maxfdðx; yÞ; dðy; zÞ; dðz; xÞg is a Gb-metric on R with
s ¼ 2.
Proposition 1.5 [1] Let X be a Gb-metric space. Then,
for each x; y; z; a 2 X, it follows that:
1. if Gðx; y; zÞ ¼ 0 then x ¼ y ¼ z;
2. Gðx; y; zÞ sðGðx; x; yÞ þ Gðx; x; zÞÞ;
3. Gðx; y; yÞ 2sGðy; x; xÞ;
4. Gðx; y; zÞ sðGðx; a; zÞ þ Gða; y; zÞÞ:
Definition 1.6 [1] Let X be a Gb-metric space. A se-
quence fxng in X is said to be:
1. Gb-Cauchy if, for each e[ 0 there exists a positive
integer n0 such that for all m; n; l n0;Gðxn; xm; xlÞ\e;
2. Gb-convergent to a point x 2 X if, for each e[ 0 there
exists a positive integer n0 such that for all
m; n n0;Gðxn; xm; xÞ\e:
Definition 1.7 [1] A Gb-metric space X is called Gb-
complete, if every Gb-Cauchy sequence is Gb -convergent
in X:
Proposition 1.8 Let ðX;GÞ and ðX0;G0Þ be two Gb-
metric spaces. Then, a function f : X ! X0 is Gb-con-
tinuous at a point x 2 X if and only if it is Gb-sequentially
continuous at x, that is, whenever fxng is Gb-convergent
to x, ff ðxnÞg is G0b-convergent to f ðxÞ.
Proposition 1.9 Let ðX;GÞ be a Gb-metric space. A
mapping F: X  X ! X is said to be continuous if for any
two Gb-convergent sequences fxng and fyng converging to
x and y, respectively, fFðxn; ynÞg is Gb-convergent to
Fðx; yÞ.
Existence of fixed points, coupled fixed points and tri-
pled fixed points for contractive type mappings in partially
ordered metric spaces has been considered recently by
several authors (see, [2, 3, 5–8, 11, 17, 18, 20, 22, 24–26,
40–44]).
Lakshmikantham and C´iric´ [11] introduced the notions
of mixed g-monotone mapping and coupled coincidence
point and proved some coupled coincidence point and
common coupled fixed point theorems in partially ordered
complete metric spaces.
Definition 1.10 [11] Let ðX;	Þ be a partially ordered set
and let F: X  X ! X and g: X ! X be two mappings. F
has the mixed g-monotone property, if F is monotone g-
nondecreasing in its first argument and is monotone g-
nonincreasing in its second argument, that is, for all
x1; x2 2 X, gx1 	 gx2 implies Fðx1; yÞ 	 Fðx2; yÞ for any
y 2 X and for all y1; y2 2 X, gy1 	 gy2 implies Fðx; y1Þ 

Fðx; y2Þ for any x 2 X.
Definition 1.11 [3, 11] An element ðx; yÞ 2 X  X is
called
1. a coupled fixed point of mapping F: X  X ! X if x ¼
Fðx; yÞ and y ¼ Fðy; xÞ.
2. a coupled coincidence point of mappings F: X  X !
X and g: X ! X if gðxÞ ¼ Fðx; yÞ and gðyÞ ¼ Fðy; xÞ.
3. a common coupled fixed point of mappings F: X 
X ! X and g: X ! X if x ¼ gðxÞ ¼ Fðx; yÞ and
y ¼ gðyÞ ¼ Fðy; xÞ.
Choudhury and maity [6] have established some coupled
fixed point results for mappings with mixed monotone
property in partially ordered G-metric spaces. They ob-
tained the following results.
Theorem 1.12 ([6], Theorem 3.1) Let ðX;	Þ be a par-
tially ordered set and G be a G-metric on X such that
ðX;GÞ is a complete G-metric space. Let F: X  X ! X
be a continuous mapping having the mixed monotone
property on X. Assume that there exists k 2 ½0; 1Þ such that
GðFðx; yÞ;Fðu; vÞ;Fðw; zÞÞ k
2
½Gðx; u;wÞ þ Gðy; v; zÞ;
ð1:1Þ
for all x 	 u 	 w and y 
 v 
 z, where either u 6¼ w or
v 6¼ z.
If there exist x0; y0 2 X such that x0 	 Fðx0; y0Þ and
y0 
 Fðy0; x0Þ, then, F has a coupled fixed point in X, that is,
there exist x; y 2 X such that x ¼ Fðx; yÞ and y ¼ Fðy; xÞ.
Theorem 1.13 ([6], Theorem 3.2) If in the above theo-
rem, in place of the continuity of F, we assume the fol-
lowing conditions, namely,
(i) if a nondecreasing sequence fxng ! x, then xn 	 x
for all n, and
(ii) if a nonincreasing sequence fyng ! y, then yn 
 y
for all n, then, F has a coupled fixed point.
Definition 1.14 [4] Let ðX;	Þ be a partially ordered set
and G be a G-metric on X. We say that ðX;G;	Þ is regular
if the following conditions hold:
(i) If fxng is a nondecreasing sequence with xn ! x,
then xn 	 x for all n 2 N:
12 Math Sci (2015) 9:11–26
123
(ii) If fxng is a nonincreasing sequence with xn ! x, then
xn 
 x for all n 2 N:
Definition 1.15 [6] Let X;Gð Þ be a generalized b-metric
space. Mappings f : X2 ! X and g : X ! X are called
compatible if
lim
n!1G gf xn; ynð Þ; f gxn; gynð Þ; f gxn; gynð Þð Þ ¼ 0
and
lim
n!1G gf yn; xnð Þ; f gyn; gxnð Þ; f gyn; gxnð Þð Þ ¼ 0
hold whenever xnf g and ynf g are sequences in X such that
limn!1 f xn; ynð Þ ¼ limn!1 gxn and limn!1 f yn; xnð Þ ¼
limn!1 gyn:
On the other hand, Berinde and Borcut [24] introduced
the concept of tripled fixed point and obtained some tripled
fixed point theorems for contractive type mappings in
partially ordered metric spaces. For a survey of tripled
fixed point theorems and related topics, we refer the reader
to [24–26].
Definition 1.16 ([24, 25]) Let ðX;	Þ be a partially
ordered set, f : X3 ! X and g : X ! X. An element
ðx; y; zÞ 2 X3 is called
1. a tripled fixed point of f if f ðx; y; zÞ ¼ x, f ðy; x; yÞ ¼ y,
and f ðz; y; xÞ ¼ z.
2. a tripled coincidence point of the mappings f and g if
f ðx; y; zÞ ¼ gx, f ðy; x; yÞ ¼ gy and f ðz; y; xÞ ¼ gz.
3. a tripled common fixed point of f and g if
x ¼ gðxÞ ¼ f ðx; y; zÞ, y ¼ gðyÞ ¼ f ðy; x; yÞ and z ¼
gðzÞ ¼ f ðz; y; xÞ.
4. We say that f has the mixed g-monotone property if
f ðx; y; zÞ is g-nondecreasing in x, g-nonincreasing in y
and g-nondecreasing in z, that is, if for any x; y; z 2 X ,
x1; x2 2 X; gx1 	 gx2 )f ðx1; y; zÞ 	 f ðx2; y; zÞ;
y1; y2 2 X; gy1 	 gy2 )f ðx; y1; zÞ 
 f ðx; y2; zÞ
and
z1; z2 2 X; gz1 	 gz2 ) f ðx; y; z1Þ 	 f ðx; y; z2Þ:
Definition 1.17 Let X;Gð Þ be a generalized b-metric
space. Mappings f : X3 ! X and g : X ! X are called
compatible if
lim
n!1G gf xn; yn; znð Þ; f gxn; gyn; gznð Þ; f gxn; gyn; gznð Þð Þ ¼ 0;
lim
n!1G gf yn; xn; ynð Þ; f gyn; gxn; gynð Þ; f gyn; gxn; gynð Þð Þ ¼ 0
and
lim
n!1G gf zn; yn; xnð Þ; f gzn; gyn; gxnð Þ; f gzn; gyn; gxnð Þð Þ ¼ 0
hold whenever xnf g; ynf g and znf g are sequences in X such
that limn!1 f xn; yn; znð Þ ¼ limn!1 gxn, limn!1 f yn; xn; ynð Þ
¼ limn!1 gyn and limn!1 f zn; yn; xnð Þ ¼ limn!1 gzn:
let w : ½0;þ1Þ ! ½0;þ1Þ satisfies:
(i) w is continuous and nondecreasing,
(ii) wðtÞ ¼ 0 if and only if t = 0.
That is, w is an altering distance function.
Batra and Vashistha [36] introduced the concept of an
ðF; gÞ-invariant set which is a generalization of the F-in-
variant set introduced by Samet and Vetro [37].
Definition 1.18 [36] Let ðX; dÞ be a metric space and let
F : X  X ! X and g : X ! X be given mappings. Let M
be a nonempty subset of X4. We say that M is an (F; g)-
invariant subset of X4 if and only if, for all x; y; z;w 2 X,
(i) ðx; y; z;wÞ 2 M iff ðw; z; y; xÞ 2 M;
(ii) ðgðxÞ; gðyÞ; gðzÞ; gðwÞÞ 2 M implies that ðFðx; yÞ;
Fðy; xÞ;Fðz;wÞ;Fðw; zÞÞ 2 M.
Definition 1.19 [35] Let (X;G) be a G-metric space and
let F : X  X ! X be a given mapping. Let M be a
nonempty subset of X6. We say that M is an F-invariant
subset of X6 if and only if, for all x; y; z; u; v;w 2 X,
1. ðx; y; z; u; v;wÞ 2 M iff ðw; v; u; z; y; xÞ 2 M;
2. ðx; y; z; u; v;wÞ 2 M implies that ðFðx; yÞ;
Fðy; xÞ;Fðz; uÞ;Fðu; zÞ;Fðv;wÞ;Fðw; vÞÞ 2 M:
Definition 1.20 [35] Let (X;G) be a G-metric space and
let F : X  X ! X and g : X ! X are given mappings. Let
M be a nonempty subset of X6. We say that M is an ðF; gÞ-
invariant subset of X6 if and only if, for all
x; y; z; u; v;w 2 X,
1. ðx; y; z; u; v;wÞ 2 M iff ðw; v; u; z; y; xÞ 2 M;
2.
ðgx; gy; gz; gu; gv; gwÞ 2 M implies that ðFðx; yÞ;
Fðy; xÞ;Fðz; uÞ;Fðu; zÞ;Fðv;wÞ;Fðw; vÞÞ 2 M:
Definition 1.21 (corrected from [35]) Let (X;G) be a G-
metric space and let M be a subset of X6. We say that M
satisfies the transitive property if and only if, for all
x; y; z; u; v;w; a; b 2 X,
ðx; y; z; u; z; uÞ 2 M andðz; u; v;w; a; bÞ 2 M thenðx; y; v;
w; a; bÞ 2 M:
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Samet et al. [29] defined the notion of a-admissible
mapping as follows.
Definition 1.22 Let T be a self-mapping on X and let
a : X  X ! ½0;þ1Þ be a function. We say that T is an a-
admissible mapping if
x; y 2 X; aðx; yÞ 1 ¼) aðTx; TyÞ 1:
Definition 1.23 [30] Let ðX;GÞ be a G-metric space, T be
a self-mapping on X and a : X3 ! ½0;þ1Þ be a function.
We say that T is an G-a-admissible mapping if
x; y; z 2 X; aðx; y; zÞ 1 ¼) aðTx; Ty;TzÞ 1:
Following the recent work in [31], Hussain et al. [23]
presented the following definition in the setting of G-metric
spaces.
Definition 1.24 [23] Let ðX;GÞ be a G-metric space, f ; g :
X ! X and a : X3 ! ½0;þ1Þ. We say that f is a rectan-
gular G-a-admissible mapping with respect to g if
(R1) aðgx; gy; gzÞ 1 implies aðfx; fy; fzÞ 1;
x; y; z 2 X;
(R2)
aðgx; gy; gyÞ 1
aðgy; gz; gwÞ 1

implies aðgx; gz; gwÞ 1;
x; y; z;w 2 X:
Definition 1.25 Let ðX;GÞ be aG-metric space, F : X  X
! X, g : X ! X and a : ðX2Þ3 ! ½0;þ1Þ. We say that F
is a rectangular G-a-admissible mapping with respect to g if
(R1)
aððgx; gyÞ; ðgu; gvÞ; ðga; gbÞÞ 1 implies
aððFðx; yÞ;Fðy; xÞÞ; ðFðu; vÞ;Fðv; uÞÞ; ðFða; bÞ;Fðb; aÞÞÞ 1;
ð1:2Þ
where x; y; u; v; a; b 2 X,
(R2)
a ððgx; gyÞ; ðgu; gvÞ; ðgu; gvÞÞ 1; and
aððgu; gvÞ; ðga; gbÞ; ðgc; gdÞÞ 1 implies that
aððgx; gyÞ; ðga; gbÞ; ðgc; gdÞÞ 1;
ð1:3Þ
where x; y; u; v; a; b; c; d 2 X:
Definition 1.26 Let ðX;GÞ be a G-metric space,
F : X  X  X ! X, g : X ! X and a : ðX3Þ3 ! ½0;
þ1Þ. We say that F is a rectangular G-a-admissible
mapping with respect to g if
(R1)
aððgx; gy; gzÞ; ðgu; gv; gwÞ; ðga; gb; gcÞÞ 1 implies
aððFðx; y; zÞ;Fðy; x; yÞ;Fðz; y; xÞÞ; ðFðu; v;wÞ;Fðv; u; vÞ;
Fðw; v; uÞÞ; ðFða; b; cÞ;Fðb; a; bÞ;Fðc; b; aÞÞÞ 1; ð1:4Þ
where x; y; z; u; v;w; a; b; c 2 X,
(R2)
aððgx;gy;gzÞ; ðgu;gv;gwÞ; ðgu;gv;gwÞÞ1 and
aððgu;gv;gwÞ; ðga;gb;gcÞ; ðgd;ge;gf ÞÞ1 implies
aððgx;gy;gzÞ; ðga;gb;gcÞ; ðgd;ge;gf ÞÞ1;
ð1:5Þ
where x; y; z; u; v;w; a; b; c; d; e; f 2 X:
Using the following coincidence point result, Hussain
et al. obtained some interesting coupled and tripled coin-
cidence point results which we use them in obtaining the
main results here.
Theorem 1.27 [23] Let ðX;GÞ be a generalized b-metric
space and let f ; g : X ! X satisfy the following condition:
aðgx; gy; gzÞwðsGðfx; fy; fzÞÞwðGðgx; gy; gzÞÞ
 uðGðgx; gy; gzÞÞ ð1:6Þ
for all x; y; z 2 X, where w;u : ½0;1Þ ! ½0;1Þ are two
altering distance mappings, a : X3 ! ½0;þ1Þ and f is a
rectangular G-a-admissible mapping w.r.t. g. Then, f and
g have a coincidence point if,
(i) f ðXÞ  gðXÞ;
(ii) there exists x0 2 X such that aðgx0; fx0; fx0Þ 1;
(iii) f and g are continuous and compatible and ðX;GÞ
is complete, or.
(iii)0 one of f(X) or g(X) is complete and whenever fxng
in X be a sequence such that aðxn; xnþ1; xnþ1Þ 1
for all n 2 N [ f0g and xn ! x as n ! þ1, we
have aðxn; x; xÞ 1 for all n 2 N [ f0g
Lemma 1.28 [23] Let ðX;GÞ be a generalized b-metric
space (with the parameter s).
(a) If a mapping Xm2 : X
2  X2  X2 ! Rþ is given by
Xm2 ðX;U;AÞ ¼ maxfGðx; u; aÞ;Gðy; v; bÞg;
X ¼ ðx; yÞ; U ¼ ðu; vÞ and A ¼ ða; bÞ 2 X2;
then ðX2;Xm2 Þ is a generalized b-metric space (with
the same parameter s). The space ðX2;Xm2 Þ is Gb-
complete iff ðX;GÞ is Gb-complete.
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Let ðX;GÞ be a generalized b-metric space, F : X2 ! X
and g : X ! X. In the rest of this paper unless otherwise
stated, for all x; y; u; v; z;w 2 X, let
NmF ðx; y; u; v; z;wÞ ¼ maxfGðFðx; yÞ;Fðu; vÞ;Fðz;wÞÞ;
GðFðy; xÞ;Fðv; uÞ;Fðw; zÞÞg
and
Nmg ðx; y; u; v; z;wÞ ¼ maxfGðgx; gu; gzÞ;Gðgy; gv; gwÞg:
Theorem 1.29 [23] Let ðX;GÞ be a generalized b-metric
space with the parameter s and let F : X2 ! X and
g : X ! X. Assume that
aððgx; gyÞ; ðgu; gvÞ; ðgz; gwÞÞ
wðsNmF ðx; y; u; v; z;wÞÞwðNmg ðx; y; u; v; z;wÞÞ  uðNmg ðx; y; u; v; z;wÞÞ;
ð1:7Þ
for all x; y; u; v; z;w 2 X, where w;u : ½0;1Þ ! ½0;1Þ
are altering distance functions, a : ðX2Þ3 ! ½0;1Þ and F
is a rectangular G-a-admissible mapping with respect to g.
Assume also that
1. FðX2Þ  gðXÞ;
2. there exist x0; y0 2 X such that
aððgx0; gy0Þ; ðFðx0; y0Þ;Fðy0; x0ÞÞ; ðFðx0; y0Þ;Fðy0; x0ÞÞÞ 1
and
aððgy0; gx0Þ; ðFðy0; x0Þ;Fðx0; y0ÞÞ; ðFðy0; x0Þ;Fðx0; y0ÞÞÞ 1:
Also, suppose that either
(a) F and g are continuous, the pair ðF; gÞ is
compatible and ðX;GÞ is Gb-complete, or
(b) ðgðXÞ;GÞ is Gb-complete and assume that whenever
fxng and fyng in X be sequences such that
aððxn; ynÞ; ðxnþ1; ynþ1Þ; ðxnþ1; ynþ1ÞÞ 1
and
aððyn; xnÞ; ðynþ1; xnþ1Þ; ðynþ1; xnþ1ÞÞ 1
for all n 2 N [ f0g and xn ! x, yn ! y as n! þ1, we
have
aððxn; ynÞ; ðx; yÞ; ðx; yÞÞ 1
and
aððyn; xnÞ; ðy; xÞ; ðy; xÞÞ 1
for all n 2 N [ f0g. Then, F and g have a coupled coin-
cidence point in X.
Theorem 1.30 [23] In addition to the hypotheses of
Theorem 1.29, suppose that for all ðx; yÞ and
ðx; yÞ 2 X2, there exists ðu; vÞ 2 X2, such that
aððgx; gyÞ; ðgu; gvÞ; ðgu; gvÞÞ 1 and aððgx; gyÞ; ðgu; gvÞ;
ðgu; gvÞÞ 1: Then, F and g have a unique common
coupled fixed point of the form ða; aÞ.
Let Xa2 : X
2  X2  X2 ! Rþ is given by
Xa2ðX;U;AÞ ¼
Gðx; u; aÞ þ Gðy; v; bÞ
2
;
X ¼ ðx; yÞ; U ¼ ðu; vÞ and A ¼ ða; bÞ 2 X2;
then ðX2;Xa2Þ is a generalized b-metric space (with the
same parameter s).
Let ðX;GÞ be a generalized b-metric space, F : X2 ! X
and g : X ! X. For all x; y; u; v; z;w 2 X, let
NaFðx; y; u; v; z;wÞ
¼ GðFðx; yÞ;Fðu; vÞ;Fðz;wÞÞ þ GðFðy; xÞ;Fðv; uÞ;Fðw; zÞÞ
2
and
Nagðx; y; u; v; z;wÞ ¼
Gðgx; gu; gzÞ þ Gðgy; gv; gwÞ
2
:
Remark 1.31 [23] The result of Theorems 1.29 and 1.30












Coupled fixed point results under ðF; gÞ-invariant sets
Definition 2.1 Let ðX;GÞ be a Gb-metric space and
M  X6. We say that X is M-regular if and only if the
following hypothesis holds:
Whenever fxng and fyng in X be sequences such that
ðxn; yn; xnþ1; ynþ1; xnþ1; ynþ1Þ 2 M
and
ðyn; xn; ynþ1; xnþ1; ynþ1; xnþ1Þ 2 M
for all n 2 N [ f0g and xn ! x, yn ! y as n ! þ1, we
have
ðxn; yn; x; y; x; yÞ 2 M
and
ðyn; xn; y; x; y; xÞ 2 M
for all n 2 N [ f0g.
Theorem 2.2 Let ðX;GbÞ be a Gb-metric space with the
parameter s, F : X2 ! X, g : X ! X and M be a nonempty
subset of X6. Assume that
wðsNmF ðx; y; u; v; z;wÞÞwðNmg ðx; y; u; v; z;wÞÞ
uðNmg ðx; y; u; v; z;wÞÞ;
ð2:1Þ
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for all x; y; u; v; z;w 2 X with ðgx; gu; gz; gy; gv; gwÞ 2 M,
where w;u : ½0;1Þ ! ½0;1Þ are altering distance func-
tions. Assume also that
1. FðX2Þ  gðXÞ;
2. M is an ðF; gÞ-invariant set which satisfies the
transitive property;
3. there exist x0; y0 2 X such that ðgx0; gy0;Fðx0; y0Þ;
Fðy0; x0Þ;Fðx0; y0Þ;Fðy0; x0ÞÞ 2 M.
Also, suppose that either
(a) F and g are continuous, the pair ðF; gÞ is
compatible and ðX;GÞ is Gb-complete, or
(b) ðX;GbÞ is M-regular and ðgðXÞ;GÞ is Gb-complete.
Then, F and g have a coupled coincidence point in
X.
Proof Define a : ðX2Þ3 ! ½0;þ1Þ by
aððx; yÞ; ðu; vÞ; ða; bÞÞ ¼ 1; if ðx; y; u; v; a; bÞ 2 M
0; otherwise:

First, we prove that F is a rectangular G-a-admissible
mapping w.r.t. g. Hence, we assume that aððgx; gyÞ;
ðgu; gvÞ; ðga; gbÞÞ 1. Therefore, we have ðgx; gy; gu;
gv; ga; gbÞ 2 M. Since, M is an ðF; gÞ-invariant subset of
X6, then
ðFðx; yÞ;Fðy; xÞ;Fðu; vÞ;Fðv; uÞ;Fða; bÞ;Fðb; aÞÞ 2 M
which implies that
aððFðx; yÞ;Fðy; xÞÞ; ðFðu; vÞ;Fðv; uÞÞ; ðFða; bÞ;Fðb; aÞÞÞ 1:
Now, let aððx; yÞ; ða; bÞ; ða; bÞÞ 1 and aðða; bÞ; ðu; vÞ;
ðu; vÞÞ 1, then ðx; y; a; b; a; bÞ 2 M and ða; b; u; v;
u; vÞ 2 M. Consequently, as M satisfies the transitive
property, we deduce that ðx; y; a; b; u; vÞ 2 M, that is,
aððx; yÞ; ða; bÞ; ðu; vÞÞ 1: Thus, F is a rectangular G-a-
admissible mapping w.r.t. g.
From (2.1) and the definition of a,
aððgx; gyÞ; ðgu; gvÞ; ðgz; gwÞÞ
wðsNmF ðx; y; u; v; z;wÞÞwðNmg ðx; y; u; v; z;wÞÞ
 uðNmg ðx; y; u; v; z;wÞÞ;
ð2:2Þ
for all x; y; u; v; z;w 2 X. Moreover, from (2) there exist
x0; y0 2 X such that
aððgx0; gy0Þ; ðFðx0; y0Þ;Fðy0; x0ÞÞ; ðFðx0; y0Þ;Fðy0; x0ÞÞÞ 1
and
aððgy0;gx0Þ;ðFðy0;x0Þ;Fðx0;y0ÞÞ;ðFðy0;x0Þ;Fðx0;y0ÞÞÞ1:
Hence, all the conditions of Theorem 1.29 are satisfied and
so F and g have a coupled coincidence point. h
In the following theorem, we give a sufficient condition
for the uniqueness of the common coupled fixed point (see
also [24]).
Theorem 2.3 In addition to the hypotheses of Theorem
2.2, suppose that for all ðx; yÞ and ðx; yÞ 2 X2, there ex-
ists ðu; vÞ 2 X2, such that ðgx; gy; gu; gv; gu; gvÞ 2 M and
ðgx; gy; gu; gv; gu; gvÞ 2 M: Then, F and g have a unique
common coupled fixed point of the form ða; aÞ.
Remark 2.4 In Theorem 2.2, we can replace the con-
tractive condition (2.1) by the following:
wðsNaFðx; y; u; v; z;wÞÞwðNag ðx; y; u; v; z;wÞÞ
 uðNagðx; y; u; v; z;wÞÞ:
ð2:3Þ
In Theorem 2.2, if we take wðtÞ ¼ t for all t 2 ½0;1Þ,
we obtain the following result.
Corollary 2.5 Let ðX;GbÞ be a Gb-metric space with the
parameter s, F : X2 ! X, g : X ! X and M be a nonempty
subset of X6. Assume that














for all x; y; u; v; z;w 2 X with ðgx; gu; gz; gy; gv; gwÞ 2 M,
where u : ½0;1Þ ! ½0;1Þ is an altering distance function.
Assume also that
1. FðX2Þ  gðXÞ;
2. M is an ðF; gÞ-invariant set which satisfies the
transitive property;
3. there exist x0; y0 2 X such that ðgx0; gy0;Fðx0; y0Þ;
Fðy0; x0Þ;Fðx0; y0Þ;Fðy0; x0ÞÞ 2 M.
Also, suppose that either
(a) F and g are continuous, the pair ðF; gÞ is compatible
and ðX;GÞ is Gb-complete, or
(b) ðX;GbÞ is M-regular and ðgðXÞ;GÞ is Gb-complete.
Then, F and g have a coupled coincidence point in X.
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Tripled coincidence point results via ðF; gÞ-invariant
sets
In this section, we prove some tripled coincidence and
tripled common fixed point results.
Definition 3.1 Let (X;G) be a G-metric space and let
F : X  X  X ! X and g : X ! X are given mappings.
Let M be a nonempty subset of X9. We say that M is an
ðf ; gÞ-invariant subset of X9 if and only if, for all
x; y; z; u; v;w; a; b; c 2 X,
1. ðx; y; z; u; v;w; a; b; cÞ 2 M iff ðc; b; a;w; v; u; z; y; xÞ
2 M;
2.
ðgx; gy; gz; gu; gv; gw; ga; gb; gcÞ 2 M
implies that
ðFðx; y; zÞ;Fðy; x; yÞ;Fðz; y; xÞ;Fðu; v;wÞ;Fðv; u; vÞ;
Fðw; v; uÞ;Fða; b; cÞ;Fðb; a; bÞ;Fðc; b; aÞÞ 2 M:
Definition 3.2 Let (X;G) be a G-metric space and let M
be a subset of X9. We say that M satisfies the transitive
property if and only if, for all x; y; z; u; v;w; a; b;
c; d; e; f 2 X,
ðx; y; z; u; v;w; u; v;wÞ 2 M and ðu; v;w; a; b; c; d; e; f Þ 2 M
then ðx; y; z; a; b; c; d; e; f Þ 2 M:
Definition 3.3 Let ðX;GÞ be a Gb-metric space and
M  X9. We say that X is M-regular if and only if the
following hypothesis holds:
Whenever fxng, fyng and fzng in X be sequences such
that
ðxn; yn; zn; xnþ1; ynþ1; znþ1; xnþ1; ynþ1; znþ1Þ 2M;
ðyn; xn; yn; ynþ1; xnþ1; ynþ1; ynþ1; xnþ1; ynþ1Þ 2M
and
ðzn; yn; xn; znþ1; ynþ1; xnþ1; znþ1; ynþ1; xnþ1Þ 2 M
for all n 2 N [ f0g and xn ! x, yn ! y and zn ! z as
n ! þ1, we have
ðxn; yn; zn; x; y; z; x; y; zÞ 2M;
ðyn; xn; yn; y; x; y; y; x; yÞ 2M
and
ðzn; yn; xn; z; y; x; z; y; xÞ 2 M
for all n 2 N [ f0g.
Lemma 3.4 [23] Let ðX;GÞ be a generalized b-metric
space (with the parameter s).
If a mapping Xm3 : X
3  X3  X3 ! Rþ is given by
Xm3 ðX;U;AÞ ¼ maxfGðx; u; aÞ;Gðy; v; bÞ;Gðz;w; cÞg;
for all X ¼ ðx; y; zÞ;U ¼ ðu; v;wÞ and A ¼ ða; b; cÞ 2 X3;
then ðX3;Xm3 Þ is an generalized b-metric space (with the
same parameter s). The space ðX3;Xm3 Þ is Gb-complete iff
ðX;GÞ is Gb-complete.
Let ðX;GÞ be a generalized b-metric space, f : X3 ! X
and g : X ! X. For all x; y; z; u; v;w; a; b; c 2 X, let
MmF ðx; y; z; u; v;w; a; b; cÞ
¼ maxfGðFðx; y; zÞ;Fðu; v;wÞ;Fða; b; cÞÞ;GðFðy; x; yÞ;
Fðv; u; vÞ;Fðb; a; bÞÞ;GðFðz; y; xÞ;Fðw; v; uÞ;Fðc; b; aÞÞg
and
Mmg ðx; y; z; u; v;w; a; b; cÞ ¼ maxfGðgx; gu; gaÞ;
Gðgy; gv; gbÞ;Gðgz; gw; gcÞg:
Theorem 3.5 [23] Let ðX;GÞ be a generalized b -metric
space with the parameter s, F : X3 ! X and g : X ! X.
Assume that
aððgx; gy; gzÞ; ðgu; gv; gwÞ; ðga; gb; gcÞÞw
ðsMmF ðx; y; z; u; v;w; a; b; cÞÞ
wðMmg ðx; y; z; u; v;w; a; b; cÞÞ
uðMmg ðx; y; z; u; v;w; a; b; cÞÞ;
ð3:1Þ
for all x; y; z; u; v;w; a; b; c 2 X where w;u : ½0;1Þ ! ½0;
1Þ are altering distance functions and a : ðX3Þ3 ! ½0;1Þ
is a mapping such that F is a rectangular G-a-admissible
mapping w.r.t. g. Assume also that
1. FðX3Þ  gðXÞ;
2. there exist x0; y0; z0 2 X
such that
aððgx0; gy0; gz0Þ; ðFðx0; y0; z0Þ;Fðy0; x0; y0Þ;Fðz0; y0; x0ÞÞ;
ðFðx0; y0; z0Þ;Fðy0; x0; y0Þ;Fðz0; y0; x0ÞÞÞ 1;
aððgy0; gx0; gy0Þ; ðFðy0; x0; y0Þ;Fðx0; y0; z0Þ;Fðy0; x0; y0ÞÞ;
ðFðy0; x0; y0Þ;Fðx0; y0; z0Þ;Fðy0; x0; y0ÞÞÞ 1
and
aððgz0; gy0; gx0Þ; ðFðz0; y0; x0Þ;Fðy0; x0; y0Þ;Fðx0; y0; z0ÞÞ;
ðFðz0; y0; x0Þ;Fðy0; x0; y0Þ;Fðx0; y0; z0ÞÞÞ 1:
Also, suppose that either
(a) F and g are continuous, the pair ðF; gÞ is
compatible and ðX;GÞ is Gb-complete, or
(b) ðgðXÞ;GÞ is Gb-complete and assume that whenever
fxng; fyng and fzng in X be sequences such that





aððzn; yn; xnÞ; ðznþ1; ynþ1; xnþ1Þ; ðznþ1; ynþ1; xnþ1ÞÞ 1
for all n 2 N [ f0g and xn ! x, yn ! y and zn ! z
as n! þ1, we have
aððxn; yn; znÞ; ðx; y; zÞ; ðx; y; zÞÞ 1;
aððyn; xn; ynÞ; ðy; x; yÞ; ðy; x; yÞÞ 1
and
aððzn; yn; xnÞ; ðz; y; xÞ; ðz; y; xÞÞ 1
for all n 2 N [ f0g.
Then, F and g have a tripled coincidence point in X.
Theorem 3.6 [23] In addition to the hypotheses of The-
orem 3.5, suppose that for all ðx; y; zÞ and ðx; y; zÞ 2 X3,
there exists ðu; v;wÞ 2 X3, such that
aððgx; gy; gzÞ; ðgu; gv; gwÞ; ðgu; gv; gwÞÞ 1
and
aððgx; gy; gzÞ; ðgu; gv; gwÞ; ðgu; gv; gwÞÞ 1:
Then, F and g have a unique common tripled fixed point of
the form ða; a; aÞ.
Let
Xa3ðX;U;AÞ ¼
Gðx; u; aÞ þ Gðy; v; bÞ þ Gðz;w; cÞ
3
;
X ¼ ðx; y; zÞ;U ¼ ðu; v;wÞ;A ¼ ða; b; cÞ 2 X3;
and
Magðx; y; z; u; v;w; a; b; cÞ
¼ Gðgx; gu; gaÞ þ Gðgy; gv; gbÞ þ Gðgz; gw; gcÞ
3
:
Remark 3.7 [23] In Theorem 3.5, we can replace the
contractive condition (3.1) by the following:
aððgx; gy; gzÞ; ðgu; gv; gwÞ; ðga; gb; gcÞÞw
ðsMaFðx; y; z; u; v;w; a; b; cÞÞ
wðMagðx; y; z; u; v;w; a; b; cÞÞ
uðMagðx; y; z; u; v;w; a; b; cÞÞ:
ð3:2Þ
Following tripled fixed point results in Gb-metric spaces
can be obtained.
Theorem 3.8 Let ðX;GÞ be a Gb -metric space with the
parameter s, F : X3 ! X, g : X ! X and M be a nonempty
subset of X9. Assume that
wðsMmF ðx;y; z;u;v;w;a;b;cÞÞwðMmg ðx;y; z;u;v;w;a;b;cÞÞ
uðMmg ðx;y; z;u;v;w;a;b;cÞÞ;
ð3:3Þ
for all x; y; z; u; v;w; a; b; c 2 X with ðgx; gu; ga; gy; gv; gb;
gz; gw; gcÞ 2 M, where w;u : ½0;1Þ ! ½0;1Þ are altering
distance functions. Assume also that
1. FðX3Þ  gðXÞ;
2. M is an ðF; gÞ-invariant set which satisfies the
transitive property;
3. there exist x0; y0; z0 2 X such that
ðgx0; gy0; ; gz0;Fðx0; y0; z0Þ;Fðy0; x0; y0Þ;Fðz0; y0; x0Þ;
Fðx0; y0; z0Þ;
Fðy0; x0; y0Þ;Fðz0; y0; x0ÞÞ 2 M:
Also, suppose that either
(a) F and g are continuous, the pair ðF; gÞ is
compatible and ðX;GÞ is Gb-complete, or
(b) ðX;GÞ is M-regular and ðgðXÞ;GÞ is Gb-complete.
Then, F and g have a tripled coincidence point in X.
Theorem 3.9 In addition to the hypotheses of Theorem
3.5, suppose that for all ðx; y; zÞ and ðx; y; zÞ 2 X3, there
exists ðu; v;wÞ 2 X3, such that
ðgx; gy; gz; gu; gv; gw; gu; gv; gwÞ 2 M
and
MaFðx; y; z; u; v;w; a; b; cÞ
¼ GðFðx; y; zÞ;Fðu; v;wÞ;Fða; b; cÞÞ þ GðFðy; x; yÞ;Fðv; u; vÞ;Fðb; a; bÞÞ þ GðFðz; y; xÞ;Fðw; v; uÞ;Fðc; b; aÞÞ
3
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ðgx; gy; gz; gu; gv; gw; gu; gv; gwÞ 2 M:
Then, F and g have a unique common tripled fixed point of
the form ða; a; aÞ.
Remark 3.10 In Theorem 3.8, we can replace the con-
tractive condition (3.3) by the following:
wðsMaFðx; y; z; u; v;w; a; b; cÞÞwðMagðx; y; z; u; v;w; a; b; cÞÞ
uðMagðx; y; z; u; v;w; a; b; cÞÞ:
ð3:4Þ
Coupled and tripled fixed point results for w-
contractions in G-metric spaces
Let W denotes the set of all functions w : ½0;1Þ ! ½0;1Þ
satisfying w1ð0Þ ¼ 0, wðtÞ\t for all t[ 0 and
lim
r!tþ
wðrÞ\t for all t[ 0.
Using the following coincidence point result, we obtain
some coupled and tripled coincidence point results under
ðF; gÞ-invariant sets.
Lemma 4.1 [23] Let f be a rectangular G-a-admissible
mapping w.r.t. g such that f ðXÞ  gðXÞ. Assume that there
exists x0 2 X such that aðfx0; fx0; gx0Þ 1: Define se-
quence fyng by yn ¼ gxn ¼ fxn1. Then,
aðyn; ym; ymÞ 1 for all n;m 2 N with n\m:
Theorem 4.2 Let ðX;GÞ be a G-metric space and let
f ; g : X ! X satisfy the following condition:
aðgx; gy; gzÞGðfx; fy; fzÞwðGðgx; gy; gzÞÞ ð4:1Þ
for all x; y; z 2 X, where w 2 W, a : X3 ! ½0;þ1Þ and f
is a rectangular G-a-admissible mapping w.r.t. g.
Then, f and g have a coincidence point if,
(i) f ðXÞ  gðXÞ;
(ii) there exists x0 2 X such that aðfx0; fx0; gx0Þ 1;
(iii) f and g are continuous, g commutes with f and
ðX;GÞ is complete, or.
(iii)0 ðgðXÞ;GÞ is G-complete and assume that whenever
fxng in X be a sequence such that aðxn;
xnþ1; xnþ1Þ 1 for all n 2 N [ f0g and xn ! x
as n! þ1, we have aðxn; x; xÞ 1 for all
n 2 N [ f0g
Proof Let x0 2 X be such that aðfx0; fx0; gx0Þ 1. Ac-
cording to (i) one can define the sequence fyng as ynþ1 ¼
gxnþ1 ¼ fxn for all n ¼ 0; 1; 2; . . ..
As aðgx1; gx1; gx0Þ ¼ aðfx0; fx0; gx0Þ 1 and since f is a
G-a-admissible mapping with respect to g, then
aðy2; y2; y1Þ ¼ aðfx1; fx1; fx0Þ 1. Continuing this process,
we get aðynþ1; ynþ1; ynÞ 1 for all n 2 N [ f0g.
If yn ¼ ynþ1, then xn is a coincidence point of f and g:
Now, assume that yn 6¼ ynþ1 for all n; that is,
Gðyn; ynþ1; ynþ2Þ[ 0; ð4:2Þ
for all n: Let Gn ¼ Gðyn; ynþ1; ynþ2Þ. Then, from (4.1) we
obtain that
Gðynþ1; ynþ2; ynþ3Þ aðyn; ynþ1; ynþ2ÞGðynþ1; ynþ2; ynþ3Þ
¼ aðgxn; gxnþ1; gxnþ2ÞGðfxn; fxnþ1; fxnþ2Þ
wðGðyn; ynþ1; ynþ2ÞÞ\Gðyn; ynþ1; ynþ2Þ:
ð4:3Þ
So, we have proved that Gnþ1Gn for each n 2 N; and so
there exists r 0 such that limn!1 Gn ¼ r 0:
Suppose that r[ 0: Then, from (4.3), by taking the limit
as n !1, since w 2 W we have
r lim
n!1wðGnÞ ¼ limGn!rþ wðGnÞ\r;
a contradiction. Hence,
lim
n!1Gn ¼ limn!1Gðyn; ynþ1; ynþ2Þ ¼ 0: ð4:4Þ
Since ynþ1 6¼ ynþ2 for every n; so by property ðG3Þwe obtain
Gðyn; ynþ1; ynþ1Þ 2Gðyn; yn; ynþ1Þ 2Gðyn; ynþ1; ynþ2Þ:
Hence,
lim
n!1Gðyn; ynþ1; ynþ1Þ ¼ limn!1Gðyn; yn; ynþ1Þ ¼ 0: ð4:5Þ
Now, we prove that fy2ng is a G-Cauchy sequence. Assume
on contrary that fy2ng is not a G-Cauchy sequence. Then,
there exists e[ 0 for which we can find subsequences
fy2mkg and fy2nkg of fy2ng such that mk is the smallest
index for which mk[ nk[ k and
Gðy2nk ; y2mk ; y2mkÞ e: ð4:6Þ
This means that
Gðy2nk ; y2mk1; y2mk1Þ\e: ð4:7Þ
Since f is a rectangular G-a-admissible mapping with re-
spect to g, then from Lemma 4.1 aðy2nk ; y2mk1; y2mk1Þ 1:
Now, from (4.1) we have
Gðy2nkþ1; y2mk ; y2mkÞ aðy2nk ; y2mk1; y2mk1ÞGðy2nkþ1; y2mk ; y2mkÞ
¼ aðgx2nk ; gx2mk1; gx2mk1ÞGðfx2nk ; fx2mk1; fx2mk1Þ
wðGðy2nk ; y2mk1; y2mk1ÞÞ
\Gðy2nk ; y2mk1; y2mk1Þ;
ð4:8Þ
as 2nk 6¼ 2mk  1.
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Using ðG5Þ, we obtain that
Gðy2nk ; y2mk ; y2mkÞGðy2nk ; y2mk1; y2mk1Þ
þ Gðy2mk1; y2mk ; y2mkÞ:




Gðy2nk ; y2mk1; y2mk1Þ e: ð4:9Þ
Hence, by (4.7), we have
lim
k!1
Gðy2nk ; y2mk1; y2mk1Þ ¼ e: ð4:10Þ
Using ðG5Þ, we obtain that
Gðy2nk ; y2mk ; y2mkÞGðy2nk ; y2nkþ1; y2nkþ1Þ
þ Gðy2nkþ1; y2mk ; y2mkÞ:




Gðy2nkþ1; y2mk ; y2mkÞ e: ð4:11Þ
Using ðG5Þ, we obtain that
Gðy2nkþ1; y2mk ; y2mkÞGðy2nkþ1; y2nk ; y2nkÞ
þ Gðy2nk ; y2mk ; y2mkÞ
Gðy2nkþ1; y2nk ; y2nkÞ
þ Gðy2nk ; y2mk1; y2mk1Þ
þ Gðy2mk1; y2mk ; y2mkÞ:








supGðy2nkþ1; y2mk ; y2mkÞ ¼ e: ð4:13Þ
Taking the upper limit as k !1 in (4.8) and using (4.7)
and (4.9), we obtain that
 lim
k!1
Gðy2nkþ1; y2mk ; y2mkÞ lim
k!1
wðGðy2nk ; y2mk1; y2mk1ÞÞ\;
a contradiction. It follows that fyng is a G-Cauchy sequence
in X: Suppose first that (iii) holds. Then, there exists
lim
n!1 fxn ¼ limn!1 gxn ¼ z 2 X:
Further, since f and g are continuous and g commutes with
f , we get
fz ¼ lim
n!1 fgxn ¼ limn!1 gfxn ¼ gz:
It means that f and g have a coincidence point.
In the case (iii0Þ, ifwe assume thatgðXÞ isG-complete, then
lim
n!1 fxn ¼ limn!1 gxn ¼ gu ¼ z
for some u 2 X. Also, from (iii0Þwe have aðgxn; gu; guÞ 1:
Applying (4.1) with x ¼ xn and y ¼ z ¼ u, we have:
Gðfxn; fu; fuÞ aðgxn; gu; guÞGðfxn; fu; fuÞÞ
wðGðgxn; gu; guÞÞ\Gðgxn; gu; guÞ:
ð4:14Þ
It follows that G fxn; fu; fuð Þ ! 0 when n !1, that is,
fxn ! fu. Uniqueness of the limit yields that fu ¼ z ¼ gu:
Hence, f and g have a coincidence point u 2 X.
Theorem 4.3 Let ðX;GÞ be a G-metric space and let
F : X2 ! X and g : X ! X. Assume that
aððgx; gyÞ; ðgu; gvÞ; ðgz; gwÞÞNmF ðx; y; u; v; z;wÞ
wðNmg ðx; y; u; v; z;wÞÞ; ð4:15Þ
for all x; y; u; v; z;w 2 X, where w 2 W, a : ðX2Þ3 ! ½0;1Þ
and F is a rectangular G-a-admissible mapping with re-
spect to g. Assume also that
1. FðX2Þ  gðXÞ;
2. there exist x0; y0 2 X such that
aððFðx0; y0Þ;Fðy0; x0ÞÞ; ðFðx0; y0Þ;Fðy0; x0ÞÞ; ðgx0; gy0Þ; Þ 1
and
aððFðy0; x0Þ;Fðx0; y0ÞÞ; ðFðy0; x0Þ;Fðx0; y0ÞÞ; ðgy0; gx0Þ; Þ 1:
Also, suppose that either
(a) F and g are continuous, g commutes with F and
ðX;GÞ is complete, or
(b) ðgðXÞ;GÞ is complete and assume that whenever
fxng and fyng in X be sequences such that
aððxn; ynÞ; ðxnþ1; ynþ1Þ; ðxnþ1; ynþ1ÞÞ 1
and
aððyn; xnÞ; ðynþ1; xnþ1Þ; ðynþ1; xnþ1ÞÞ 1
for all n 2 N [ f0g and xn ! x, yn ! y as
n ! þ1, we have
aððxn; ynÞ; ðx; yÞ; ðx; yÞÞ 1
and
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aððyn; xnÞ; ðy; xÞ; ðy; xÞÞ 1
for all n 2 N [ f0g. Then, F and g have a coupled
coincidence point in X.
Theorem 4.4 In addition to the hypotheses of Theorem
4.3, suppose that for all ðx; yÞ and ðx; yÞ 2 X2, there exists
ðu; vÞ 2 X2, such that aððgx; gyÞ; ðgu; gvÞ; ðgu; gvÞÞ 1 and
aððgx; gyÞ; ðgu; gvÞ; ðgu; gvÞÞ 1: Then, F and g have a
unique common coupled fixed point of the form ða; aÞ.
Remark 4.5 The result of Theorems 4.3 and 4.4 holds, if







Theorem 4.6 Let ðX;GÞ be a G-metric space and let
F : X2 ! X and g : X ! X and M be a nonempty subset of
X6. Assume that
NmF ðx; y; u; v; z;wÞwðNmg ðx; y; u; v; z;wÞÞ; ð4:16Þ
for all x; y; u; v; z;w 2 X with ðgx; gu; gz; gy; gv; gwÞ 2 M,
where w 2 W. Assume also that
1. FðX2Þ  gðXÞ;
2. M is an ðF; gÞ-invariant set which satisfies the
transitive property;
3. there exist x0; y0 2 X such that ðFðx0; y0Þ;Fðy0; x0Þ;
Fðx0; y0Þ;Fðy0; x0Þ; gx0; gy0Þ 2 M.
Also, suppose that either
(a) F and g are continuous, g commutes with F and
ðX;GÞ is complete, or
(b) ðX;GÞ is M-regular and ðgðXÞ;GÞ is G-complete.
Then, F and g have a coupled coincidence point in
X.
Theorem 4.7 In addition to the hypotheses of Theorem
4.6, suppose that for all ðx; yÞ and ðx; yÞ 2 X2, there
exists ðu; vÞ 2 X2, such that ðgx; gy; gu; gv; gu; gvÞ 2 M
and ðgx; gy; gu; gv; gu; gvÞ 2 M: Then, F and g have a
unique common coupled fixed point of the form ða; aÞ.
We have the following corollary which is Theorems 3.1
and 3.2 of [35], but more general in contractive condition.
Corollary 4.8 Let ðX;GÞ be a G-metric space and let
F : X2 ! X and g : X ! X and M be a nonempty subset of
X6. Assume that
Gðgx; gu; gzÞ þ Gðgy; gv; gwÞ
2




for all x; y; u; v; z;w 2 X with ðgx; gu; gz; gy; gv; gwÞ 2 M,
where w 2 W. Assume also that
1. FðX2Þ  gðXÞ;
2. M is an ðF; gÞ-invariant set which satisfies the
transitive property;
3. there exist x0; y0 2 X such that ðFðx0; y0Þ;Fðy0; x0Þ;
Fðx0; y0Þ;Fðy0; x0Þ; gx0; gy0Þ 2 M.
Also, suppose that either
(a) F and g are continuous, g commutes with F and
ðX;GÞ is complete, or
(b) ðX;GÞ is M-regular and ðgðXÞ;GÞ is G-complete.
Then, F and g have a coupled coincidence point in X.
Theorem 4.9 Let ðX;GÞ be a G-metric space and let
F : X3 ! X and g : X ! X. Assume that
aððgx; gy; gzÞ; ðgu; gv; gwÞ; ðga; gb; gcÞÞMmF ðx; y; z; u; v;w; a; b; cÞ
wðMmg ðx; y; z; u; v;w; a; b; cÞÞ;
ð4:18Þ
for all x; y; z; u; v;w; a; b; c 2 X where w 2 W and a :
ðX3Þ3 ! ½0;1Þ is a mapping such that F is a rectangular
G-a-admissible mapping w.r.t. g. Assume also that
1. FðX3Þ  gðXÞ;









Also, suppose that either
(a) F and g are continuous, g commutes with F and
ðX;GÞ is G-complete, or
(b) ðgðXÞ;GÞ is G-complete and assume that whenever
fxng; fyng; fzng in X be sequences such that
aððxn; yn; znÞ; ðxnþ1; ynþ1; znþ1Þ; ðxnþ1; ynþ1; znþ1ÞÞ 1;
aððyn; xn; ynÞ; ðynþ1; xnþ1; ynþ1Þ; ðynþ1; xnþ1; ynþ1ÞÞ 1
and
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aððzn; yn; xnÞ; ðznþ1; ynþ1; xnþ1Þ; ðznþ1; ynþ1; xnþ1ÞÞ 1
for all n 2 N [ f0g and xn ! x, yn ! y and zn !
z as n ! þ1, we have
aððxn; yn; znÞ; ðx; y; zÞ; ðx; y; zÞÞ 1;
aððyn; xn; ynÞ; ðy; x; yÞ; ðy; x; yÞÞ 1
and
aððzn; yn; xnÞ; ðz; y; xÞ; ðz; y; xÞÞ 1
for all n 2 N [ f0g. Then, F and g have a tripled
coincidence point in X.
Theorem 4.10 In addition to the hypotheses of Theorem
4.9, suppose that for all ðx; y; zÞ and ðx; y; zÞ 2 X3, there
exists ðu; v;wÞ 2 X3, such that
aððgx; gy; gzÞ; ðgu; gv; gwÞ; ðgu; gv; gwÞÞ 1
and
aððgx; gy; gzÞ; ðgu; gv; gwÞ; ðgu; gv; gwÞÞ 1:
Then, F and g have a unique common tripled fixed point
of the form ða; a; aÞ.
Remark 4.11 [23] In Theorem 4.9, we can replace the
contractive condition (4.18) by the following:
aððgx; gy; gzÞ; ðgu; gv; gwÞ; ðga; gb; gcÞÞMaFðx; y; z; u; v;w; a; b; cÞ
wðMagðx; y; z; u; v;w; a; b; cÞÞ:
ð4:19Þ
Following tripled fixed point results in G-metric spaces
can be obtained.
Theorem 4.12 Let ðX;GÞ be a G-metric space,
F : X3 ! X, g : X ! X and M be a nonempty subset of X9.
Assume that
MmF ðx; y; z; u; v;w; a; b; cÞwðMmg ðx; y; z; u; v;w; a; b; cÞÞ;
ð4:20Þ
for all x; y; z; u; v;w; a; b; c 2 X with ðgx; gu; ga; gy; gv;
gb; gz; gw; gcÞ 2 M, where w 2 W. Assume also that
1. FðX3Þ  gðXÞ;
2. M is an ðF; gÞ-invariant set which satisfies the
transitive property;
3. there exist x0; y0; z0 2 X such that
ðFðx0; y0; z0Þ;Fðy0; x0; y0Þ;Fðz0; y0; x0Þ;Fðx0; y0; z0Þ;
Fðy0; x0; y0Þ;Fðz0; y0; x0Þ; gx0; gy0; ; gz0Þ 2 M:
Also, suppose that either
(a) F and g are continuous, g commutes with F and
ðX;GÞ is G-complete, or
(b) ðX;GÞ is M-regular and ðgðXÞ;GÞ is G-complete.
Then, f and g have a tripled coincidence point in X.
Theorem 4.13 In addition to the hypotheses of Theorem
4.12, suppose that for all ðx; y; zÞ and ðx; y; zÞ 2 X3,
there exists ðu; v;wÞ 2 X 3, such that
ðgx; gy; gz; gu; gv; gw; gu; gv; gwÞ 2 M
and
ðgx; gy; gz; gu; gv; gw; gu; gv; gwÞ 2 M:
Then, F and g have a unique common tripled fixed point of
the form ða; a; aÞ.
Remark 4.14 In Theorem 3.8, we can replace the con-
tractive condition (4.20) by the following:
MaFðx; y; z; u; v;w; a; b; cÞwðMagðx; y; z; u; v;w; a; b; cÞÞ:
ð4:21Þ
Application to integral equations
As an application of the (coupled) fixed point theorems
established in Sect. 4, we study the existence and unique-
ness of a solution for a Fredholm nonlinear integral
equation.
To compare our results to the ones in [12, 39], we shall




K1ðt; sÞ þ K2ðt; sÞð Þ f ðs; xðsÞÞ þ gðs; xðsÞÞð Þdsþ hðtÞ;
ð5:1Þ
where t 2 I ¼ ½a; b:
Consider the space X ¼ Cð½0; T ;RÞ of continuous
functions defined on I ¼ ½a; b:
Assume that the functions K1, K2, f and g fulfill the
following conditions:
Assumption 5.1 ðiÞ K1ðt; sÞ 0 and K2ðt; sÞ 0, for all

















for an 0 r\1:
ðiiÞ There exists M  X6 which satisfies the transitive
property and
1. ðx; y; z; u; v;wÞ 2 M iff ðw; v; u; z; y; xÞ 2 M;
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2. ðx; y; z; u; v;wÞ 2 M implies that Z b
a




K2ðt; sÞ f ðs; yðsÞÞ þ gðs; xðsÞÞ½ ds;
Z b
a




K2ðt; sÞ f ðs; xðsÞÞ þ gðs; yðsÞÞ½ ds;
Z b
a




K2ðt; sÞ f ðs; uðsÞÞ þ gðs; zðsÞÞ½ ds;
Z b
a




K2ðt; sÞ f ðs; zðsÞÞ þ gðs; uðsÞÞ½ ds;
Z b
a




K2ðt; sÞ f ðs;wðsÞÞ þ gðs; vðsÞÞ½ ds;
Z b
a




K2ðt; sÞ f ðs; vðsÞÞ þ gðs;wðsÞÞ½ ds
!
2 M
for all x; y; z; u; v;w 2 X.
ðiiiÞ For all x; y 2 X, the following Lipschitzian type con-
ditions hold:
0 f ðt; xðtÞÞ  f ðt; yðtÞÞ jxðtÞ  yðtÞj ð5:3Þ
and
jxðtÞ  yðtÞj  gðt; xðtÞÞ  gðt; yðtÞÞ 0; ð5:4Þ
ðivÞ For all ðx; yÞ and ðx; yÞ 2 X2, there exists ðu; vÞ 2 X2,
such that ðx; y; u; v; u; vÞ 2 M and ðx; y; u; v; u; vÞ 2 M:
Motivated by [12], we present the following definition.
Definition 5.2 A pair ða; bÞ 2 X2 is called an M-coupled









K2ð;sÞ f ðs;bðsÞÞþgðs;aðsÞÞ½ dsþhðÞ;
Z b
a




K2ð;sÞ f ðs;aðsÞÞþgðs;bðsÞÞ½ dsþhðÞ;
Z b
a




K2ð;sÞ f ðs;bðsÞÞþgðs;aðsÞÞ½ dsþhðÞ;
Z b
a




K2ð;sÞ f ðs;aðsÞÞþgðs;bðsÞÞ½ dsþhðÞ
!
2M:
Theorem 5.3 Consider the integral equation (5.1) with
K1;K2 2 CðI  I;RÞ and h 2 CðI;RÞ:
Suppose that there exists an M-coupled solution ða; bÞ
of (5.1) and that Assumption 5.1 is satisfied. Then, the
integral equation (5.1) has a unique solution in CðI;RÞ.
Proof It is well known that X is a complete b-metric
space with respect to the sup metric
dðx; yÞ ¼ sup
t2I
xðtÞ  yðtÞj jp; x; y 2 CðI;RÞ:
Define
Gðx; y; zÞ ¼ maxfdðx; yÞ; dðy; zÞ; dðz; xÞg:
It is easy to see that ðX;GÞ is a complete Gbmetric space
with s ¼ 2p1(see, Example 1.3).








K2ðt; sÞ f ðs; yðsÞÞ þ gðs; xðsÞÞ½ ds
þ hðtÞ; for all t 2 I:
According to the computations done by Berinde in [39],
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K2ðt; sÞ f ðs; yðsÞÞ  f ðs; vðsÞÞ½




K1ðt; sÞ ðf ðs; xðsÞÞ  f ðs; uðsÞÞÞ½




K2ðt; sÞ ðf ðs; yðsÞÞ  f ðs; vðsÞÞÞ½








K2ðt; sÞ jyðsÞ  vðsÞj þ juðsÞ  xðsÞj½ ds:
ð5:5Þ
Hence, by (5.5), in view of the fact that K2ðt; sÞ 0, we
obtain that
Fðx; yÞðtÞ  Fðu; vÞðtÞj j 
Z b
a




K2ðt; sÞ jyðsÞ  vðsÞj þ juðsÞ  xðsÞj½ ds;
ð5:6Þ
as all quantities in the right-handsideof (5.5) are non-negative.
Now, from (5.5) we have




K1ðt; sÞ jxðsÞ  uðsÞj þ jvðsÞ  yðsÞj½ ds
 R b
a







jxðsÞ  uðsÞj þ jvðsÞ  yðsÞjð Þp














2p1 jxðsÞ  uðsÞjp þ jvðsÞ  yðsÞjpð Þ











































½dðx; uÞ þ dðy; vÞ:
ð5:7Þ
Similarly, one can obtain that










½dðu; zÞ þ dðv; tÞ
ð5:8Þ
and








dðx; zÞ þ dðy;wÞ½ :
ð5:9Þ






































½Gðx; u; zÞ þ Gðy; v;wÞ
¼ r
2p
½Gðx; u; zÞ þ Gðy; v;wÞ
 r
2p1
½maxfGðx; u; zÞ;Gðy; v;wÞg
and analogously,
GðFðy; xÞ;Fðv; uÞ;Fðw; zÞÞ r
2p1
½maxfGðx; u; zÞ;Gðy; v;wÞg:
Combination of the above inequalities is just the contrac-
tive condition (2.1) in Theorem 2.2 with wðtÞ ¼ t and
uðtÞ ¼ ð1 rÞt; for all t[ 0.
Now, let ða; bÞ 2 X2 be an M-coupled solution of ( 5.1).
Thus, all hypotheses of Theorem 2.2 are satisfied.
This proves that F has a coupled fixed point ðx; yÞ in
X2. From (iv) and by Theorem 2.3 it follows that x ¼ y,
24 Math Sci (2015) 9:11–26
123
that is, x ¼ Fðx; xÞ; and therefore x 2 CðI;RÞ is the
solution of the integral equation (5.1). h
Conclusion
After that Samet and Vetro [37] introduced the concept of F-
invariant set and used it to obtain coupled fixed point results
in usual metric spaces, several authors have obtained dif-
ferent coincidence point results in various classes of gener-
alized metric spaces (see, e.g., [32–38]). As we saw in the
present paper, (also, see [22, 23]) we showed that
1. coupled and tripled fixed point results can be deduced
from corresponding fixed point theorems,
2. coupled and tripled fixed point results via invariant
subsets can be deduced from coupled and tripled fixed
point results via the concept of a-admissible mappings.
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